Summary: When a liquid is exposed to strong sound fields, acoustic cavitation bubbles occur. They can move rapidly and form structures. Particle approaches can be used to model the experimental observations. A closer investigation of the mutual forces between strongly oscillating bubbles reveals the complexity of the such posed many body problem.
INTRODUCTION
The many particle problem of moving cavitation bubbles in a liquid exposed to ultrasound need certain ingredients: Besides N bubbles and their positionsx i and velocitiesũ i , one has to specify the bubble sizes and shapes. Mechanisms for nucleation and annihilation or coalescence of bubbles have to be introduced, and a sound field distribution has to be given. Additionally, a liquid motion can be considered. At last, the forces on the bubbles have to be specified, which is probably most important.
Recently, a rather simple approach for particle simulation of acoustic cavitation bubble motion has been proposed [1, 2] . There, spherical nonlinearly oscillating bubbles, all of the same size (R 0 = 5 m) are considered. Bubbles appear at certain fixed nucleation sites, and vanish if they get too close to each other. The sound field considered is a standing wave [(1,1,1) mode] in a cubic container driven at 20 kHz, and with no streaming liquid. The forces acting on the bubbles are added mass [ patterns found in an experiment were reproduced using real world quantities. In particular, a repelling pressure antinode was modelled.
SECONDARY BJERKNES FORCES: ADVANCED CALCULATION
The secondary Bjerknes force [3] acts between oscillating neighbored bubbles in a liquid, see figure 1 for illustration. We assume all time spherical bubbles at positionsx 1 andx 2 with respective radii R 10 and R 20 at rest. Introducing the vectord =x 2 ?x 1 and the liquid density , we find to some approximation [4] F 17 !2 = ?
whereF 17 !2 denotes the force of bubble '1' on bubble '2'. In [1] and [2] , it was assumed that the time delay = jdj=c (c = sound speed in the liquid) was negligible small, and that the bubble radial oscillations did not mutually couple via their emitted sound fields. Additionally, the approximation of equally varying bubble volumes was introduced for numerical simplicity. This means that in equation (1) the following can be set:
This approximation is illustrated in figure 2 , where a path through the standing wave in a cu- taken ( 100 kPa, dashed horizontal line). The error effect can nevertheless be small because of the 1=d 2 decay of the secondary Bjerknes force that "cuts off" neighbors with "too different" driving amplitude.
To investigate the validity of this assumption, calculations of equation (1) with inclusion of delay and coupling have been performed. We used the same bubble model as in [4] , but with a respective time delay in the mutual coupling terms. The system has been solved with the help of the code DKLAG6 [5] . Results are presented in figure 3 , where the secondary Bjerknes force coefficient f B = jF 17 !2 j d 2 has been introduced. The calculation leading to the bottom picture includes a delayed coupling between the bubbles, whereas the upper picture has been calculated without any coupling. One immediately recognizes that the sign of the secondary Bjerknes force changes with the bubble positions in the resonator, even without coupling. This effect goes beyond the approximation of equation (2), because it results always in attractive forces for equally sized bubbles. Additionally, the break of symmetry because of the time delay is obvious for the coupled case: There are positions x 1 , x 2 where, e.g., bubble '2' is attracted by bubble '1', but '1' is repelled by '2'! Such behavior shows the full complexity of the force calculation in the many particle approach, as it depends in a complicated way on the respective pressure amplitudes at x 1 and x 2 and on the time delay given byd.
CONCLUSION
The particle approach for acoustic cavitation depends on assumptions on the forces between interacting bubbles. Here we have shown that a more realistic modelling should include mutual coupling and time delay effects into the calculation of secondary Bjerknes forces. The up to now used approximation of equally varying bubble volumes might be dropped to include the shown effects. Then, as a consequence of the complicated force variation with bubble positions in the resonator, more expendable numerical schemes have to be employed in the future for a many body simulation.
